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Rheological measurements have long been an invaluable technique in studying mechanical and structural properties of
polymers. Measurements on dilute, noninteracting polymer solutions allow the determination of macromolecular structural
information, such as molecular weight. This analysis has been complicated by molecular polydispersity; thus, average
effects are more commonly reported. Here, we demonstrate polydispersity characterization for rod-like polymers like
single-walled carbon nanotubes (SWCNTs). By extending the theory of the rheological behavior of rigid rods, we determine
the distribution of length and bundle size in suspensions of SWCNTs by a simple rheological method. The method is based
on measuring the viscosity of dilute suspended SWCNTs over a shear rate range spanning the Newtonian and shear-
thinning regimes. We show that a log-normal distribution in length with minimal bundling accurately describes the viscosity
measurements. This rapid new method yields the SWCNT length distribution while relying on bulk samples, which are less
prone to artifacts. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 1499–1508, 2014
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Introduction

Many key properties of high-performance materials and
devices based on single-walled carbon nanotubes
(SWCNTs)—and more generally (CNTs)—show a strong
dependence on the length and degree of bundling of the con-
stituent SWCNTs. With few exceptions, CNT synthesis
methods generate length and diameter-polydisperse CNTs.1

In addition, typical techniques for dispersing CNTs in liquids
produce a mixture of individually dispersed and bundled-

CNTs, both of whom typically behave as individual Brown-
ian particles.2

Applications strongly influenced by CNT length and bun-
dling are numerous.3 Both theory and experiment agree that
the electrical percolation threshold of CNT-loaded polymer
nanocomposites varies inversely with aspect ratio, which is
affected by both length and bundle distribution.3 Similarly,
electrical connectivity in CNT thin films, sheets, and buckypa-
pers is affected by length and bundle distribution.4–11 Mechan-
ical properties of neat CNT fibers scale with length of the
constituent CNTs12; theoretical predictions on this front were
recently experimentally confirmed.13 Percolation, (including
gelation, i.e., rheological percolation) also depends directly on
the length of the constituent nanotubes.14,15 Even biological
interactions of SWCNTs are strongly affected by length.16–19

Finally, in liquid CNT dispersions, the length and bundling
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distribution controls viscoelastic properties,20–22 gelation, and
liquid-crystalline phase transitions.23

In our previous work, we demonstrated that this coupling
between length and viscosity in the dilute limit can be uti-
lized as a measurement technique.24 Individually suspended,
short (below �10 mm) SWCNTs behave as rigid rods25;
thus, their average length can be directly estimated from the
zero-shear viscosity of dilute SWCNT suspensions, using
theories for the viscosity of dilute suspensions of rods.26,27

Various techniques have been used to measure SWCNT
length distributions as reviewed recently by Fagan et al.28

Briefly, the most common technique is atomic force micros-
copy (AFM) which utilizes a small dispersion sample depos-
ited on a substrate and imaged in tapping mode.29–32 Despite
its commonplace usage, this method is time consuming and
relies on relatively small sample size (thousands of CNTs);
difficulties with imaging software’s ability to distinguish
bundles from individuals are also problematic.24 Similar
issues affect other microscopy-based methods.

Bulk techniques are preferred because they are independ-
ent of user input and sample separation, and provide rapid
throughput. Flow field fractionation utilizes differential
entrainment in a parabolic flow field; this method is promis-
ing but relies on precise calibration and standards and has
not been widely adopted. Dynamic light scattering has also
been used to estimate length distribution estimates33,34; as
noted by Fagan et al.,28 multiangle scattering measurements
must be used to avoid oversimplifying assumptions.

Here, we focus on characterizing the full SWCNT length
and bundling distributions. We demonstrate that rheological
data on dilute SWCNT dispersions can be used to provide
rapid, reliable, objective estimates of the distribution of
length and bundle size in the dispersed samples. This work
represents a classic example of bulk rheological properties
reflecting nanoscale geometry, as modeled by Bird et al.26

Theory

Monodisperse rods

The dependence of shear viscosity on shear rate for dilute
Brownian rods was determined by Kirkwood (Figure 1a).35 At
low shear rates _c, the viscous torque is lower than the Brownian
torque, and the rod orientational distribution is unaffected by
the flow; hence, the suspension behaves as a Newtonian liquid,
with shear-independent viscosity. As the shear rate grows, a
transition regime appears, where the rods start aligning with the
flow. At a high enough shear rate, the progressive alignment
process yields a terminal shear-thinning regime, where the rod
contribution to the viscosity falls with a power law exponent of
21/2. In the Kirkwood ansatz, the rod contribution to the vis-
cosity falls all the way to zero because the rods have vanishing
cross section; this is a good approximation for rods with high
aspect ratio. The zero-shear viscosity g0 is the limiting value of
the ratio of measured shear stress to an imposed vanishingly
small shear rate _c. In a solution or suspension, g0 is the sum of
the solvent viscosity gs and a contribution due to the suspended
objects. When such a solution or suspension is dilute, molecules
or particles do not interact with each other; therefore, the
change in viscosity of such dilute fluids depends linearly on the
concentration of the suspended objects.

Following the theoretical development described in our previous
publication24 with a more accurate representation of rod friction in
flow,36 in a dilute suspension of rods the intrinsic viscosity is
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where / is the volume fraction of rods in solution, L and D
are the length and diameter of the rod, respectively, and Rs

refers to the effective radius of the rod, defined as the point
where the fluid adheres to the rod. In a SWCNT-surfactant
complex, the effect of the surfactant size a must be consid-
ered in estimating the effective radius of the SWCNT-
surfactant complex as Rs5R1a, where a is the surfactant
size. The same analysis applies when any molecule, such as
DNA, is used to stabilize individual SWCNTs by wrapping
them. For a slender rod in laminar flow, where the fluid
adheres to the surface, fM was determined to be36–38
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where As is the aspect ratio L=2Rs of the rod. In the dilute
regime, the viscosity increases linearly with concentration of
rods; however, as the rods are noninteracting, the rotational
relaxation time srot is independent of concentration. There-
fore, the reduced viscosity gred , for a given As, should over-
lay for all dilute concentrations.24 In 1956, Kirkwood and
Plock35 expanded the Kirkwood–Auer relationship to calcu-
late gred as a function of rotational Peclet number, srot _c.
(Note that this is equivalent to a Weissenberg number as srot

is the longest relaxation time in the fluid.) They estimated
the reduced viscosity for a slender rod (As > 100) as
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srot is defined by the competition between Brownian torques
that act so as to randomize rod orientation and viscous

Figure 1. (a) Schematic depicting viscosity-shear rate
relationship for dilute Brownian rigid rods; (b)
simulated data depicting the effect that length
distribution has on the viscosity-shear rate
curve; a broader distribution (insert) results in
a broader transition from Newtonian to termi-
nal shear thinning; (c) schematic of dominant
bundling mechanism and the derived bundle
length and radius.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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torques resisting relative motion between the rod and the sur-
rounding liquid. This ratio yields a characteristic rotational
diffusion time
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where kB is the Boltzmann constant and T is the absolute
temperature.24,36 Eq. 4 has been validated experimentally for
surfactant-stabilized SWCNTs suspended in water.39

The computational results of Kirkwood and Plock,35

shown as blue diamonds in Figure 1a, can be fitted to a Car-
reau–Yasuda equation (shown to fit within 1.3% as dashed
line in Figure 1a), resulting in an equation for the viscosity
as a function of srot and _c
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where G0 is the elastic shear modulus

G05
3
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where the number of rods per unit volume v is determined from
the volume fraction by dividing by the volume of one rod

v5
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In the case of SWCNTs, / is determined by dividing the
mass concentration by the SWCNT density. In the Carreau–
Yasuda equation, n, a, and h are fitting parameters. n con-
trols the slope of the viscosity at high shear rates; thus,
n51=2. The parameter a controls the size of the region
between the plateau of the zero-shear viscosity and the con-
stant shear-thinning region, best fit by a 5 2.405. The param-
eter h controls the shear rate at which shear thinning starts,
determined to be h 5 0.485.

Polydisperse rods

SWCNT samples are polydisperse both in length and
diameter; we assume that SWCNT diameter and length are
uncorrelated. The diameter distribution of HiPco SWCNTs40

(D 5 0.98 6 0.21 nm) and Laser Oven SWCNTs41

(D 5 1.34 6 0.30 nm) are so narrow that treating the sample
as monodisperse in diameter introduces minimal error (e.g.,
hD2i and hDi2 differ by 5%). However, like other polymers,
SWCNTs display significant length polydispersity.1

Given a continuous length distribution, the distribution
function is defined as X Lð Þ. From the length distribution,
the jth moment of L is defined as
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The first moment of L is known as the mean length lL

and the standard deviation rL of L is defined as
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where the second representation is for a discrete population
of N members, that is, a length distribution produced with
AFM.

Because dilute rods are noninteracting, polydispersity can
be incorporated into Eq. 5 by integrating over the entire
length distribution
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where the number density v is determined from the average
volume of the rods

v5
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and srot L;Rsð Þ is given in Eq. 4.
A more physical understanding of the effect of polydisper-

sity is illustrated in Figure 1b. Five distributions of length
varying in degree of polydispersity, but chosen with the same
zero-shear viscosity, were used to simulate viscosity data over
a range of shear rates. Narrowly peaked distributions result in
a sharp transition from Newtonian at low shear rates to termi-
nal shear thinning at higher shear rates. As the polydispersity
increases, longer rods begin to align and shear thin at lower
shear rates and shorter rods achieve terminal shear thinning at
higher shear rates, thus, broadening the region between the
two. Therefore, to capture the full distribution, it is important
to measure the viscosity in a range of shear rates between the
Newtonian and terminal shear-thinning regions.

Bundling of nanotubes

Recent experimental results have raised questions on the
degree of bundling in SWCNT suspensions. O’Connell et al.42

estimated that sonicating SWCNTs in water in the presence of
surfactants, followed by ultracentrifugation, yields suspensions
where 90% of the SWCNTs are individuals; later studies esti-
mated this procedure yields fewer individualized SWCNTs,
typically 50% (based on samples that have gone through a
density-gradient ultracentrifugation).43–45 Cathcart et al.43 esti-
mate that dilute SWCNTs stabilized by DNA wrapping have as
few as 83% individual SWCNTs. However, as bundles of
SWCNTs are effectively rod-like, dispersed Brownian objects,
the theory can accommodate the presence of bundles.

The rotational relaxation time srot L;Rsð Þ depends only on
the geometry of the rod. Thus, bundling affects srot because
the geometry, dictated by Lbund and Rbund, will change. The
suspension preparation procedure yields two observations.
First, the suspended bundles are small, as they remain in the
supernatant after ultracentrifugation. Second, these suspended
small bundles were not broken apart during sonication, indi-
cating that they are closely held together by van der Waals
forces, which are maximized when the sidewalls of the
SWCNTs within the bundle contact each other completely.
Thus, we estimate bundle size by assuming that shorter
SWCNTs within a bundle are in full contact with the longest
SWCNT, that is, the bundle length is that of its longest con-
stituent SWCNT. The bundle radius depends on the number
of SWCNTs within the bundle, as depicted in Figure 1c.

The probability that any individual SWCNT has a length
X below L0 is

P X � L
0

� �
5

ðL0
0

X Lð ÞdL (12)

Given a bundle of k SWCNTs, then the probability of this
bundle having a length below L0 is the same as the

AIChE Journal April 2014 Vol. 60, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 1501



probability of each SWCNT within the bundle independently
having a length below L0. This probability is
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A bundle probability distribution is needed to progress fur-
ther. Such distribution should reflect the assumptions made
on bundles that survive sample preparation. Ultracentrifuga-
tion drives larger bundles out of solution; thus, the smaller
bundles have a higher probability of remaining in solution
than larger ones. An exponentially decaying function is a
simple and convenient distribution that meets these criteria.
(We have also tried a linear decay probability resulting in
minimal fitting error <1%; see Supporting Information Fig-
ure S1.) Therefore, we assume that the probability of finding
a bundle of k SWCNTs is independent of length and follows
an exponential decay

P N5kð Þ5 exp ð2nkÞXNmax

j51
exp ð2njÞ

(14)

where Nmax is the maximum bundle size allowable and n is
a parameter that defines how sharply the probability of find-
ing a bundle of k rods decreases as k increases; n is sample
dependent and is used as a fitting parameter. (e.g., a sample
contains 50% individuals when n 5 0.693.)

Finally, as Eq. 14 is independent of length, the probability
of finding a bundle of k rods and length below L0 is
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For a given length distribution of SWCNT length, bun-
dling shifts the average rod length to higher lengths and also
reduces the number density of suspended “rods” v. By a
similar analysis, v can be determined from the volume frac-
tion by dividing the average volume of the suspended
bundles

v5
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where Vbund is calculated similarly to Eq. 8 using both
length and bundle probability distributions
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The bundling is then incorporated into Eq. 10 by summing
over the bundle distribution
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where v is calculated using Eq. 16 and s�rot 5srot L;Rbundð
kð Þ1aÞ, defined in Eq. 4. Note that if all SWCNTs are indi-

viduals, Nmax is 1 and n is infinite; in that case Eq. 18
reduces to Eq. 10, and Eq. 16 reduces to Eq. 11.

This study uses a log-normal distribution, previously
found to closely represent AFM distributions of produced
SWCNTs.24,46,47 The log-normal distribution is defined by
two parameters, the average l and standard deviation r of
ln(L). The probability distribution function is then written as

X Lð Þ5 1

Lr
ffiffiffiffiffiffi
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ln L2lð Þ2

2r2

 !
(19)

Parameter determination procedure

A sample of suspended SWCNTs is described by three
parameters: l and r of the log-normal distribution and n of
the bundle distribution. The rheological data yields a set of
viscosity measurements at p shear rates (typically p � 20)
and q concentrations (typically q � 2–4), for a total of pq
data points. Equation 18 yields a relationship between the
three unknown parameters for each shear rate, resulting in
an overspecified system of pq equations in three unknowns,
which are determined with a Levenberg–Marquardt parame-
ter estimation algorithm (schematically depicted in Figure 2).

We found that the fitted values of l, r, and n depend on
the error metric used. An absolute error metric places dispro-
portionate weight on data measured at low shear rates
because the viscosity values are higher at low shear rates. To
remedy this, we used a relative error e, the absolute differ-
ence between measured and calculated torque relative to the
instrument sensitivity

e5
M2M

Minst

(20)

where M is the measured torque, M is the calculated torque
for the distribution being fit, and Minst is the instrument sen-
sitivity, shown in Supporting Information Figure S2. The use
of e gives a strong solution of minimal error, as shown in an
error contour plot, Supporting Information Figure S3. Nota-
bly, any additional knowledge of the distribution, such as
AFM data, can be used to help determine the best fit param-
eters (Supporting Information Figure S4).

Experimental Procedures

DNA dispersions of HiPco SWCNTs

Single-stranded (ss) DNA [30-mer oligonucleotide, sequence
(GT)15, from Integrated DNA Technologies] was used to
disperse SWCNT in water. Aqueous dispersions of SWCNTs
were achieved by sonication (0.32-cm tip sonicator, Thomas
Scientific) of HiPco SWCNTs (Carbon Nanotechnologies,
HiPco Batch 286) in salt solution (200 mmol/L NaCl, 40
mmol/L Tris, 0.2 mmol/L NaN3 buffered to pH 7 with HCl)
followed by ultracentrifugation at 21,000 g for 2 h to remove
large bundles. SWCNT and DNA were at concentrations of
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1 mg/mL.48 By combining the average carbon-carbon diame-
ter of HiPco material, 0.93 nm,49 to twice the van der Waals
radius of carbon, 0.17 nm, we estimate that the average
external diameter of the SWCNTs in our sample is D 5 1.27
nm.

To increase the viscosity of the solution, a 50 wt % sugar
mixture (60/40 sucrose/glucose) was added to both the
SWCNT dispersions and the salt solution. The solvent vis-
cosity increased from 1 to 12 mPa s and remained Newto-
nian, indicating no structure formation. The increase in
viscosity had two positive effects: the viscosity could be
measured accurately at lower shear rates (more accurate
zero-shear viscosity) and the onset of shear thinning (impor-
tant for determining length distribution) shifted to lower
shear rates, within the range of the instrument. DNA does
not uniformly wrap around the SWCNT; however, it dis-
perses SWCNTs as individuals. The ssDNA protrudes from
the surface of the SWCNT about 1.0 6 0.5 nm.50,51 Fluores-
cence measurements were taken before and after addition of
sugar and showed no changes in intensity, that is, the local
environment of the SWCNTs was unchanged. Moreover,
Raman measurements at 785 nm show no changes in the
“bundling peak” (260 cm21) after addition of sugar (Sup-
porting Information Figure S5). From these, we conclude
that the sugar causes insignificant bundling52–54; thus, the
distribution is not altered.

Deoxycholate dispersions of laser ablation SWCNTs

Surfactant-stabilized laser ablation SWCNT dispersions
(NASA-JSC soot #338) were prepared by a sonication, cen-
trifugation, and decant process.55 The average diameter of
these SWCNTs is 1.34 nm41; combining with van der Waals
radius of carbon yields an average external diameter of
D 5 1.69 nm. A 1 wt % solution of sodium deoxycholate
(DOC, from Sigma Aldrich), a small surfactant with a

molecular weight of 414.55 g/mol, was used to suspend
SWCNTs in water. DOC is known to form cylindrical
micelles; the SWCNTs occupy the center of the micelle. The
DOC molecule protrude from the surface of the SWCNTs
giving a radius enhancement of 1.0 6 0.2 nm.56

Absorbance

The concentrations of the aqueous dispersions were esti-
mated by Ultraviolet-Vis spectroscopy using the extinction
coefficient 0.043 L/(mg cm) at 763 nm.57 The concentrations
were converted to volume fraction, which was used to calcu-
late rod number density in Eq. 16, by using a SWCNT den-
sity of 1.45 g/cm3 for HiPco nanotubes [close-packed
density for (7,8) SWCNTs] and 1.24 g/cm3 for Laser Abla-
tion nanotubes [close-packed density for (10,10) SWCNTs].

Rheology

Low concentrations were tested to ensure that measure-
ments were in the dilute regime; this occurs in suspensions
whose viscosity is roughly below twice the solvent viscos-
ity.27 The dispersion with the highest concentration was
diluted to make several different concentrations. Dispersions
at low concentrations with viscosities within 5% of the sol-
vent were not used because of the large subtraction error
when calculating the reduced viscosity, gred . Each diluted
sample was tested on an ARES strain-controlled rheometer
(Rheometrics Scientific, now TA Instruments) at shear rates
_c from 0.01 to 100 s21 in a Couette fixture, either a titanium
bob and 316 stainless steel cup, (height 34 mm, cup diameter
34 mm, bob diameter 32 mm, 1 mm gap, torque sensitivity
�0.1 mN m, corresponding to a minimum measurable shear
stress of 1.83 mPa) or a double-walled Couette fixture
(height 30 mm, bob: R1 5 14.75 mm, R2 5 16 mm, cup:
R1 5 13.975 mm, R2 5 17.00 mm, 1 mm outer gap and
0.775 mm inner gap, minimum measurable shear stress of

Figure 2. Schematic describing the model parameter fitting process based on bulk rheological measurements.

First, the viscosity data are supplied to the program, along with an initial estimate for the three parameters. The viscosity is calcu-

lated as a function of shear rate and compared with the data. The error is then computed and if it is within a set tolerance, then

the length and bundle distributions have been determined. If the tolerance is not met, a Levenberg–Marquardt parameter estima-

tion algorithm is used to compute new parameter estimates. The cycle is repeated until the tolerance has been met and the distri-

butions determined. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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1.12 mPa). A vapor trap was used to maintain a moisture-
saturated environment preventing solvent evaporation.

AFM

AFM (NanoScope R IIIa, Veeco Instruments) samples of
SWCNT dispersions in aqueous DOC and DNA solutions
were prepared by spin coating at 3000 rpm onto a freshly
cleaved mica surface (Ted Pella), followed by rinsing with
deionized (DI) water and isopropanol to remove the excess
surfactant or sugar. All AFM images were taken in tapping
mode at a scan rate of 1.25 Hz and scan sizes of 5 and 10
mm.

Results and Discussion

In the dilute regime, the reduced viscosity gred of dilute
suspensions overlays at all shear rates.24 Thus, the data
measured at all concentrations can be used in the fitting pro-
cedure. The length and bundle distribution for two test sys-
tems with varying SWCNT source and surfactant is
determined by viscosity measurements and then compared
with AFM distributions. The utility of this method confirms
the general applicability of the theoretical formulation
described above.

A careful analysis of the difference between AFM and
viscosity-based methods in regard to repeatability, sensitivity,
and efficiency is described in our prior publication.24 Also,
note that all methods above to disperse SWCNTs require ultra-
sonication to debundle and disperse the SWCNTs; this tech-
nique is known to shorten SWCNTs as well.28,58,59

Case 1: DNA dispersions of HiPco SWCNTs

We studied DNA-stabilized HiPco SWCNTs suspended in
water and sugar (used to raise the solution viscosity and
lower the critical shear rate for shear thinning). The meas-
ured reduced viscosity of these suspensions overlay for both
concentrations at all shear rates (Figure 3a, blue). The zero-
shear reduced viscosity is 2510 6 380, which results in a
viscosity average length of 288 6 17 nm.24 A log-normal
distribution with l 5 216.1 (102 nm) and r 5 0.866 accu-
rately fits the data (Figure 3c, black). For comparison, the
distribution of Brownian objects, both individual SWCNTs
and small bundles, is shown in red. The bundling of
SWCNTs shifts the mean to longer length and slightly
decreases the standard deviation; this is expected because
each bundle acts as an entity with a length equal to that of
its longest SWCNT.

The DNA-stabilized suspensions were found to contain a
small amount of bundles. Figure 3d shows that 76% of the
Brownian objects were individual SWCNTs; the remaining
24% were bundles of five SWCNTs or less. In comparing
with the total amount of SWCNTs, Figure 3e shows that
58% of all the SWCNTs in solution were individualized;
these values fall in the range found by Cathcart et al.43

For AFM characterization, the sample was rinsed while
spin coating, first with warm water to dissolve the sugar and
then with isopropanol to dry the sample. AFM revealed that
most SWCNTs were individualized; 1753 individual
SWCNTs were measured, shown in Figure 3b, giving a log-
normal distribution with a l and r of 215.63 (163 nm) and
0.845, respectively (Figure 3c, red).

Figure 3. (a) Reduced viscosity vs. shear rate for SWCNTs dispersed using DNA at two concentrations (blue) and
the calculated reduced viscosity for the best fit distribution (black).

(b) AFM distribution of DNA-dispersed SWCNTs. 1753 individual SWCNTs measured. (c) Comparison of AFM log-normal distri-

bution (blue), viscosity fit distribution (black), and shifted viscosity fit distribution due to bundling (red). Distributions of bundle

sizes in the DNA/SWCNT dispersion show that, (d) 76% of the Brownian objects are individuals, and (e) 58% of all nanotubes in

solution exist as individuals. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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The distributions found by viscosity measurements and by
AFM are very similar. The average length differs by 60%,

102 nm vs. 163 nm, whereas the standard deviation r or dis-

tribution spread are nearly the same, 0.867 and 0.845 for vis-
cosity and AFM distributions, respectively. This small

difference is shown in Figure 3c; both distributions have the

same shape or width, defined by r, but the AFM distribution
(blue) is shifted to the right because of the greater l value.

Included for comparison is the distribution of Brownian

objects (individuals and bundles, shown in red), which define
the fit viscosity. As expected, the presence of bundles causes

the value of l to shift right toward higher lengths and closer

to the AFM distribution.
A common method to show the quality of a distribution fit

to data is a probability-probability (p-p) plot (Supporting

Information Figure S6). The p-p plot confirms that a log-
normal distribution fits the AFM measured data well, except

at low values of the cumulative distribution function (short

lengths), where the AFM fit predicts shorter SWCNTs than
were measured.

This is caused by AFM’s difficulty in distinguishing small

nanotubes (<30 nm) from particles adhered to the surface

when measuring 5–10 mm scans. Scanning smaller areas will
improve the resolution, enabling distinction of small nano-

tubes but will cut off longer nanotubes. The viscosity distri-

bution is able to measure all contributing lengths and, thus,
able to capture the smaller nanotubes resulting in a lower

average length.

Case 2: DOC dispersions of laser ablation SWCNTs

A laser ablation-produced SWCNT sample dispersed in
water using sodium DOC was also studied because this sam-
ple displayed a higher average length than HiPco SWCNTs.
(Short SWCNTs are more likely to skew AFM distribution
measurements as noted above.)

Without addition of sugar, the viscosity measurements
showed shear thinning within the measurable shear rate
range of the instrument, suggesting longer SWCNTs than in
the DNA-stabilized suspensions of HiPco SWCNTs. The
reduced viscosity measurements of the DOC/laser ablation
SWCNT dispersions overlay for all concentrations at all
shear rates (Figure 4a, blue). The zero-shear viscosity is
measured as 5570 6 835; accounting for the larger diame-
ter of the laser ablation SWCNTs (�1.34 nm) results in an
average length of 616 6 31 nm. A log-normal distribution
with a l of 214.74 (397 nm) and a r of 0.574 accurately
fits the data, shown in Figure 4a, black.

The DOC/laser ablation SWCNT system includes a larger
proportion of individually dispersed SWCNTs than the
DNA/HiPco SWCNT system. Figure 4d shows that 84% of
all objects in solution are individual SWCNTs, and Figure
4e shows that 70% of all nanotubes in solution are
individuals.

AFM was also used to characterize this system. A total of
3793 individual SWCNTs were measured to obtain the
length distribution shown in Figure 4b. The longer SWCNTs
give a more developed distribution on the left side of the

Figure 4. (a) Reduced viscosity vs. shear rate for SWCNTs dispersed using DOC at four overlaying concentrations
(37, 46, 67, and 97 ppm, in blue) and the calculated reduced viscosity for the best fit distribution (black).

(b) AFM distribution of DNA-dispersed SWCNTs. 3793 individual SWCNTs measured. (c) Comparison of AFM log-normal distri-

bution (blue), viscosity fit distribution (black), and shifted viscosity fit distribution due to bundling (red). Distributions of bundle

sizes in the DOC/SWCNT dispersion reveal more individual SWCNTs than in DNA/SWCNT dispersion. (d) 84% of the Brownian

objects are individuals, and (e) 70% of all nanotubes in solution exist as individuals. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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maximum than Figure 3b, which results in a better log-
normal distribution fit (Supporting Information Figure S6).
The l and r of the log-normal distribution that fit the AFM
data are 214.69 (419 nm) and 0.758, respectively, shown in
Figure 4c, blue.

The l of the viscosity fit (black) and AFM fit distribution
(blue) are nearly identical and the small amount of bundling
shows only a small shift in the fit distribution (red), shown
in Figure 4c. There is a difference in the r values (0.577 vs.
0.758); the AFM data show a broader distribution. (AFM is
merely a snapshot of the distribution viewing �4000 nano-
tubes rather than �1015 nanotubes measured by viscosity.24)
The p-p plot (Supporting Information Figure S6) confirms
the AFM fit distribution and viscosity fit distribution both
closely fit the data.

The close fit between distributions from AFM and viscos-
ity data indicate the general applicability of the theory for
rigid rods to these systems. Limitations of the theory that
may require further refinement mainly concern the treatment
of bundles. Each bundle is assumed to act as a rod with a
radius estimated from the number of SWCNTs in the bundle
and a length equal to that of the longest SWCNT within the
bundle. Limitations of this approach include the following:
(1) Bundles are not actually cylindrical; the radius of the
bundle varies, yielding a rougher surface and higher drag
[inversely proportional to log(R)] than the idealized cylinder.
The inaccuracy of this assumption is most severe for small
(few SWCNT) bundles. However, compared to the drag
along the length of the nanotube (proportional to L3) this
enhancement is small.24 (2) Bundle distributions may differ
from Eq. 14, particularly in the assumption that bundling
probability is independent of length. (3) It is possible that
SWCNTs may bundle such that the length of the bundle is
greater than the length of the longest SWCNT in the bun-
dle.60 These types of bundles will contribute greater viscos-
ity than the type considered above. For distribution fitting, a
slightly shorter length distribution with a smaller bundle size
distribution is needed to achieve the same reduced viscosity
with these types of bundles. However, due to the small
amount of bundling, our calculations suggest that these
effects yield minor changes in l and r. Further empirical
data of typical bundle structures will improve the accuracy
of the distributions determined by the technique described
here. All these limitations are expected to make quantitative
rather than qualitative alterations to the expected shear-
thinning behavior and data analysis.

Note that to achieve an accurate distribution fit, the full
range of viscosity behavior, from Newtonian to shear thin-
ning, is necessary. For example, if the torque at low shear
rates is too low, the accuracy of the zero-shear viscosity
measurement can be compromised, and a less accurate distri-
bution will be determined as well. We conducted a study
using Pluronic F-68 where this was the case (Supporting
Information Figures S7–S10).

Conclusions

Using an extension of kinetic theory for rigid rods,35 we
have developed a technique for using bulk viscosity-shear
rate measurements as a means to extract polydispersity data
for aqueous SWCNT dispersions. We tested this procedure
on both SWCNTs dispersed in DNA/sugar and DOC aqueous
solutions. The fit SWCNT length distributions were very
similar to AFM measurements, except at shorter lengths

where AFM was unable to capture the smaller nanotubes
present in solution. We also obtained an estimate of the dis-
tribution of bundle size by assuming that each small bundle
behaves as a Brownian rod as long as it is the longest con-
stituent SWCNT.

This work allows for the theoretical kinetic theory frame-
work developed by Kirkwood and Plock35 (and later eluci-
dated by Bird et al.26 and Doi and Edwards27) to be applied
directly to the rheological behavior of a “model rigid rod”
system of dispersed SWCNTs, which have been used in sim-
ilar studies to elucidate competing models of rigid-rod poly-
mer dynamics.61 This technique can be easily adapted to
other rigid-rod systems and the formulation can accommo-
date a variety of distributions in length and bundle size. This
technique will be particularly useful as novel exfoliation and
dispersion methods are developed to allow for scalable
liquid-phase SWCNT processing; rapid characterization of
dispersion quality, bundle distribution, and exfoliation effects
on SWCNT length would facilitate such critical steps in
nanomanufacturing.2
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Notation

/ = rod/SWCNT volume fraction
Rs = effective rod radius
L = rod length
D = rod diameter
a = surfactant/DNA wrapping size

As = aspect ratio
Vbund = bundle volume

v = rod number density
g = viscosity
gs = solvent viscosity

gred = reduced viscosity
_c = shear rate

srot = rotational rod relaxation time
G0 = elastic shear modulus

n; a; h = Carreau-Yasuda fitting parameters

PðX � L
0 Þ = probability that a given SWCNT has a length X below L

0

X Lð Þ = length probability distribution function
Nmax = largest bundle size in distribution

lL = average of L
rL = standard deviation of L
l = average of ln (L)
r = standard deviation of ln (L)
n = bundle distribution fitting parameter
e = relative error between measured and calculated torque

M = measured torque
M = calculated torque

Minst = instrument torque sensitivity
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